The boundary-value problems describing the first-order corrections°(
Introduction.
Prandtl's classical lifting-line theory gave aspect ratio corrections to the two-dimensional flow in the cross-sections of an unswept finite span wing. The induced downwash at each spanwise station was obtained. The method involved solving an integral equation. Van Dyke [13] systematized Prandtl's approach by recognizing that it could be considered as a singular perturbation.
He considered the inviscid incompressible flow about an unswept wing with (aspect ratio)"1 as the small parameter. Inner and outer expansions were constructed and matched. The inner problem consists of two-dimensional flow at each spanwise station and corrections; the outer flow represents the flow past a bound vortex which sheds a vortex sheet and corrections. The advantage of this method is that there are no integral equations to be solved. Cook and Cole [6] extended Van Dyke's approach to describe compressible (transonic) flow about an unswept lifting wing. In this case the inner region represents the two-dimensional (nonlinear) transonic flow on a crosssection of the wing and corrections. The outer region represents the (linear) flow past a bound line vortex trailing a vortex sheet and corrections. It was shown that for similar airfoil sections the computations need be carried out at one spanwise station only since the corrections can be scaled to be independent of z*. In this paper we extend the techniques of Van Dyke, and Cook and Cole, to describe the transonic flow about a lifting, high aspect ratio, yawed wing. Investigations have been carried out on the swept wing for incompressible (linear) flow, for example Burgers [7] , Thurber [12] . Thurber points out that a new term which is order of (AN) ' 1 In (/*/?) arises in the induced downwash. A similar term arises naturally by the matching process in the transonic (compressible) flow. Cheng and Hafez [3] have treated swept wings in transonic flow. Their primary interest was in wings for which the (tangent of the sweep angle)3 is » <5, where S « 1 is the ratio of the thickness of the airfoil to its chord. In this paper we are concerned with the case where the (sweep angle)3 = O(S).
In Sec. 2 the three-dimensional transonic small disturbance theory boundary value problem for a lifting yawed wing is formulated [4] , The sweep angle is 0((1 -AfJ)1/2) in the physical plane, hence 0(1) in the small disturbance plane. In Sec. 3 the asymptotic expansions as B = (AR)81/3 -» where 8 is the typical flow deflection, are constructed. Shock waves can appear in the inner flow which describes the flow in cross-section planes and corrections. The outer expansion starts with the potential of a skewed bound vortex. The inner limit of the outer expansion is found in Appendix A by Mellin transform techniques. Matchings of the inner and outer expansions are shown. The boundary-value problems describing the inner potentials <p0, <Pi, are discussed in Sec. 4 .
is described by the usual two-dimensional transonic small disturbance equation (in terms of coordinates measured from the wing). ^ , which is the 0(AR'1 In AR) term, arises naturally from the matching process, and is described by a linear equation whose coefficients depend on tp0 (variational equation). <p2 is described by the same equation as ipt except that the equation is forced by spanwise variations in . <?2 can be broken up into two pieces, <p2il) which is independent of sweep angle, and <p2w which is the sweep correction. Airfoils of similar section are discussed in Sec. 5. In particular, for similar sections the <p0, <Pi, <?2(1) problems can be scaled to be independent of spanwise variation. Thus they need only be evaluated at one spanwise station.
There are nonuniformities in the expansion as -> 1, as well as near the wing tips.
2. Formulation of boundary value problem. In this section we formulate a boundary value problem for the first-order transonic disturbance potential:
<p(x, y, £■ K, A, B).
In this restricted problem the tangent flow boundary condition is applied in the plane of the wing and the trailing vortex sheet is assumed to lie wholly in the plane of the wing. The Kutta-Joukowsky condition, that the flow leave the trailing edge smoothly, can thus be applied unambiguously at the trailing edge of the projection of the planform onto the plane of the wing. The self-induced downward motion and the rolling up of the trailing vortex sheet is not considered, so that presumably there is a non-uniformity of the approximation in the flow near the vortex wake toward downstream infinity. It is not expected that this will cause any appreciable error in the life distribution over the wing. In fact in the transonic region corresponding to high subsonic speeds, which is considered here, propagation of disturbances in the upstream direction is relatively weak. The boundary value problem formulated here is thus the transonic equivalent of linearized lifting surface theory. The lifting-line theory which is constructed is the approximation for large aspect ratio.
Let the units of length be chosen so that the wing chord at the midspan is one and the extent of the wing in the z direction is 2b cos /3 (see Fig. 2 where A is such that the line x = z tan A joins the z extremities of the wing, Fuj describes the geometry of the upper and lower surfaces respectively, a is the angle of attack, and 8 the thickness ratio. The projection of the leading and trailing edges onto the plane y = 0 is given by the functions xLE,TE(z/b). The transonic expansion procedure is based on the limit process 5 10, -> 1 (cf. [4] ) with the transonic similarity parameter K, the angle of attack parameter A, the aspect ratio parameter B all fixed. In addition, the coordinates (x, y, z) are held fixed, to account for the relatively large lateral extent of the disturbance field. Thus, the potential is represented $(x, y, z; M, a, 8, b) = U{x + 52/3 cp(x, y, f; K, A, B)
where K = transonic similarity parameter1 = (1 -M£)/82/3, A = angle of attack parameter = a/8, B = aspect ratio parameter = b81'3, {y = 81/3y, z = 8l/3z) = transverse coordinates, and tan = sweep angle = 5"1/3 tan A. (See Fig. 2 .2). Since shock waves introduce entropy changes only to the third order, it is sufficient to consider a potential $>. The first-approximation potential <t> satisfies the well-known transonic equation
(AT -(7 + \)<px)(pxx + <j)yy + </>££ = 0. 
The problem for the potential 0 is made complete by appending to the differential equation (2. 3) the shock jump conditions which must hold across any shock waves which occur. Since The integrated form of (2.13) is The differential equations, boundary conditions, and shock relations define a problem with a (presumably) unique solution. In order to obtain lifting-line theory we study the dependence of the solution of the problem on the aspect ratio parameter B, which becomes large.
The formulation of the restricted lifting surface problem and the treatment of the lifting line as an approximation for B -> c° follow closely the ideas of Van Dyke for the analogous problem in incompressible flow.
3. Lifting-line expansions. In order to study the dependence of our first-order transonic disturbance potential <j)(x, y, z; K, A, B) on the aspect ratio B » 1, we consider the distinguished limit of the equation (2.3) under the boundary conditions (2.4), (2.6), (2.7), (2.8), as B -> oo. There are two basic limiting processes. In the outer limit x* = x/B, y* = y/B, z* = z/B are held fixed as B -> oo, and the planform shrinks to a line (of singularities). In the inner limit a = x -z tan /3, y, z* = z/B are held fixed as B -> <*>, and so the boundary value problem for 0 becomes essentially two-dimensional.
In the following section we summarize the form of the inner and outer expansions. Correctness of the expansions is shown by matching them, and the far fields of the inner expansion problems are found by the matching. 0±; z*) = 0, 02j(ff, 0±; z*) = 0, (3.3b,c) on -cos 13 < z* < cos /J, CLE(z*) < <j < CTe(z*)-The Kutta-Joukowsky condition must be satisfied for each term of the inner expansion:
where the trailing edge is given by -cos /3 < z* < cos /3, a = CT£(z*). The conditions at infinity are obtained by matching to the near field of the outer expansion. Note that the problem for <fi0 has the form of the usual two-dimensional transonic problem for the flow past a lifting airfoil. At this point the influence of sweep angle is not felt. The correction term , which is <9(log B/B), enters solely because of a nonzero sweep angle and is needed for matching with the outer solution. Corrections for the finite aspect ratio appear in both 4>! and $2 although more strongly in 02 since some of the 02 correction remains even in the case that the sweep angle goes to zero. + <p2y*y* + v2z*z* ~ 2 tan ^ ^2a*z* = (T + 1 Pq' (3.5b)
As in the inner expansion the 0(log B/B) term is introduced for matching. However, in the outer expansion the 0(log B/B) terms remain even in the case that the sweep angle goes to zero. Note that, if written in x*, y*, z* variables, Eqs. The remaining conditions are obtained by matching with the far field of the inner expansion. This matching determines the type of singularities needed in the <pt . We find that:
_ J_ r y* T(j) (. , ** -S sin 0 \ 4tt y*2 + (z* -scos0)2 V j(x* -s Sin ay + Kv*2 + K(z* -~s cos fi)2' * J*2 + (z* -j cos /?)2 \ ^x* -j Sin ^ + Ky*2 + AT(z* -7 cos /?)2 7* 7(g) which is the superposition of elementary horseshoe vortices distributed along x* = z* tan 0, -1 < z*/cos 0 < 1, and trailing off parallel to the a* axis, where <pp2 is a particular solution of (3.5b) whose behavior is specified as (a*, y*) -> 0, cT*/y* fixed. Expansions of the integrals in (3.8, 3.9, 3.10) are worked out in general in Appendix A. In particular it is found that = " (72xcosS/} ) + (2^8 V ^ ~ J°{2*}y* + W ln Matching. The boundary value problem described by the nonlinear equation (3.2a) and its associated boundary conditions (3.3a, 3.4a) has the form of the boundary value problem for two-dimensional transonic flow past a lifting airfoil. In particular the far field is given by [5] T06 , (T+ 1) (T0\log/-" , l/ D0 " , E0
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where r = (cr2 + K*y*2)1/2, 6 = tan-1 (^K*y/a), and r^z*) is the circulation at the spanwise station z*; DJ^z*) and E0(z*) are the doublet strengths at the station z*. The term 0(y log /■) arises from the forcing part of the equation, 0O(7.* . In the matching this term combines with the B^y term in 0t. The A2, B2 terms represent a possible uniform flow, r2 a circulation, and the 0( 1) terms multiplied by tan /3 arise from higher-order forcing terms in 0O(7Z* as well as from 0Off0^ and 4>2a4>Qa" terms.
Matching is carried out in each cross-section plane z* fixed, \z*\ < cos 0, with the help of an intermediate limit. The essential matching for the completion of the boundary value problems for0i , 02 defines B^z*) and B2(z*) in terms of the first inner circulation r0(z*). For /3 = 0, Bl = 0, and B2 agrees with the induced downwash of the trailing vortex sheet as in the classical lifting-line theory. 4 . Boundary value problems for 0O , 0i , 02 • As a result of the asymptotic matching of the previous section, complete boundary value problems can be formulated for the first-, second-and third-order inner potentials <t>0 ,<t>i , 02 • The problem for 0O is the twodimensional flow past an airfoil at the same shape and angle of attack as the actual wing at a given z* station. The 0(log B/B) correction, 0, , corresponds to a perturbed twodimensional flow past a flat plate with induced downwash at infinity, due to the trailing vortex sheet. The 0(1/B) correction, 02 , is a new type of term. It corresponds to the flow past a flat plate with an induced 0(y In y)-type behavior at infinity. There are also special shock conditions to be considered for each of 0i , 02 • For 0O we have (see (3.2a), (3.3a), (3.4a), (3.14)) {{K* -(7 + 1 ))<p0(T)4>0oo + 4>oyy = 0, These shock wave jump conditions must apply locally across any shock waves that appear in supersonic zones of the solution. The shock locus g0(y) is not known in advance and must be found as part of the solution. Fig. 4.1 shows the boundary value problem for </>" • For a given airfoil shape the boundary value problem for 0O cannot, in general, be solved analytically. Instead, one of the standard computational schemes for resolving shock waves is used ( [2, 9] ). Alternatively one could consider shock-free transonic flows and the corresponding airfoils generated from the hodograph solutions, for example Garabedian [8] However, there is a downwash at infinity toward the flat plate, as determined by matching (3.17), (3.18). We have 7<4'10)
as r -> 00, where r^z*), the induced circulation, is to be found. The boundary conditions on the trailing edge and wake are identical to those of </>0:
[<Ai<t]te = 0 (Kutta-Joukowsky condition), (4.11) [01 Iwake = COnSt. = r,(z»). The conditions on the trailing edge and wake are identical to those for 00,01 , namely:
[02 (7] te = o , (4.21)
[02 ]vs = r2(z»). (K* -(7 + 1 )0ocr)02cT(7 -(7 + l)0offff02a + <t>iyy = 2 tan /3 <t>oa:* shock-free case, when $0 and hence , cf>2 are shock-free, has been proved [5] , That is, if <t>°.1,2, 0i,2. are two solutions of the problem respectively, then That is, the fa problem separates into two pieces. The first piece, 0i", g2l), is precisely the correction that arises if there is no sweep. If sweep occurs, a second term fa2) must be superimposed on fa21] to correct for the sweep angle. The induced circulation then is (r.log B/B) + (IT + YP)(\/B).
Numerical results have been found for the unswept case by Small [10, 11] . Thus essentially $0, fa" are known. Computation of 0! will present no new difficulties as is also probably true of fa2).
There are singularities in the small-disturbance approximations both at the tips of the airfoil and at the foot of the shock. We have not dealt with those specifically.
5. Similar sections. The planform with similar cross-sections is especially amenable to lifting line analysis since, by suitable scaling, the problems for fa , <j>i, 02" become independent of z*.
Consider a wing surface given by (2.1) such that the planform has a chord c(z*). 
Thus the t/41' problem is z*-independent. Unfortunately the same process does not seem applicable to <^21 which is described by [ h1{y*p)fl(p)dp + f h2(y*p)f2(p)dp\ (A. •>'
is analytic for Re s > 0, and its analytic continuation to Re ^ > -2 is analytic with the exception of poles at the nonpositive integers, and L 1 + p2 (' + (K*p2 ± Dp + EY'2) dp as y* -> 0. The proof can be found in Bleistein and Handelsman [1] , To find the explicit terms in the expansion note that M[fh s] = jg {j + p2 (' + (K*p2 ± Dp + Ey/i) ~ Ps 3( 1 ± dp + j" p-3( 1 ± ^Hip-1 )dp, s Integrating by parts once in , using the fact that7(± 1) = 0, and combining terms, we get + >-ru* + coB0)/y* r \ COS|(J / / 7 dp The other integrals in (3.9), (3.10) have the form <r*/47r, or >>*/47r times the form * -f.
-»W ds. (if0 3Cj(y*p)(fj(p)dp) , As in the unswept case, there is another shock condition to be checked which arises by applying Green's Theorem to the equations for <pi, <£2, which are in divergence forms. The equation, shock conditions, and boundary conditions for <t>i are the same as those for the first-order correction in the nonswept case, hence [5] 
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